Industrial rotating machines may be exposed to severe dynamic excitations due to resonant working regimes. Dealing with the bending vibration, problem of a machine rotor, the shaft-and attached discs-can be simply modelled using the Bernoulli-Euler beam theory, as a continuous beam subjected to a specific set of boundary conditions. In this study, the authors recall Rayleigh's method to propose an iterative strategy, which allows for the determination of natural frequencies and mode shapes of continuous beams taking into account the effect of attached concentrated masses and rotational inertias, including different stiffness coefficients at the right and the left end sides. The algorithm starts with the exact solutions from Bernoulli-Euler's beam theory, which are then updated through Rayleigh's quotient parameters. Several loading cases are examined in comparison with the experimental data and examples are presented to illustrate the validity of the model and the accuracy of the obtained values.
Introduction
The study of beam-like components that have cross-section variations along the length and carry concentrated masses and/or springs is often addressed by means of approximated numerical methods, like Rayleigh's quotient. The accuracy of such an approach depends on the chosen shape function, according to Rayleigh's theorem. 1 Figure 1 shows the physical system under consideration, a rotor with two joint discs coupled together at the mid span. The objective of this study is to develop an accurate model of the system in order to replicate the experimental natural frequencies in lateral bending.
While the rotor itself presents no problem and can easily be studied as a Bernoulli-Euler beam with a concentrated mass, the identification of the adequate torsional and linear stiffness properties associated with the end supports remains a challenge. In a similar context, DeRosa et al. 2 supposed the beam to be elastically restrained against rotation and translation at both ends, so that it is possible to study all the common boundary conditions. They showed that trigonometric functions work slightly better than the static deflections and highlighted the accuracy of Rayleigh's quotient to the true frequencies. References 3 -7 present exact solutions for the frequency equation of a Bernoulli-Euler beam restricting the stiffness coefficients, in order to reproduce some particular cases, and accounting for the rotation inertia of attached discs and their eccentricity. Similar problems are treated in Refs. 5 and 8, but with intermediate supports.
Wu and Chen 9 studied the bending vibrations of wedge Bernoulli-Euler beams with any number of point masses, verifying that the mass distribution on the beam affects the dynamical behaviour more than the mass addition itself. The works of Biondi and Caddemi 10, 11 treat beams with discontinuities in the curvature or in the slope functions, allowing the adoption of different materials or different cross sections in the model. Elishakoff and Pentaras 12 worked on the free vibration of non-homogeneous Bernoulli-Euler beams using a polynomial approach for the mode shape of the natural frequency of interest. The developed formulation does not require numerical modelling and provides a useful tool to the design phase. The above referred papers deal with slender beams, typically with l/D > 10. As a consequence, the inertial rotation energy of an infinitesimal element dx is negligible compared to its translational energy, justifying the applicability of the Bernoulli-Euler beam theory. Sometimes, when this principle is violated, the problem has to be treated using Timoshenko beam theory. 13, 14 In this study, one shall use Rayleigh's quotient, with shape functions that take into account the torsional flexibility of the supports, while assuming infinite rigidity along the vertical direction (Fig. 2) . The algorithm will also include the effect of the mass and torsional inertia of the attached discs. Such an approach aims at a more precise model that more accurately represents the real dynamic behaviour of the system, rather than assuming simply supported or perfectly clamped ends. After showing that these ideal cases are far from the experimental values, the updating procedure for identifying the value of the torsional stiffness of both supports will be explained. 
Theoretical Background
To obtain an analytical model that reproduces the physical system ( Fig. 1) one considers the Rayleigh's quotient, using the Bernoulli-Euler's beam theory to define the shape functions. On a first attempt, two ideal cases have been tried: simply supported (SS) and clamped (CC) beam at both ends. However, the results for those ideal cases differ significantly from the experimental ones. Therefore, it is proposed to build a model (Fig. 2) 
where T and V are the kinetic and potential energies, respectively. Through the quantification of the work performed by the elastic forces, in relation to the equilibrium position of the beam, the potential energy is
where M(x, t) is the bending moment given by M(x, t) = E(x)I(x)∂ 2 w(x, t)/∂x 2 , l is the length of the beam and θ is the rotation angle given by θ(x, t) = ∂w(x, t)/∂x. E(x) is the Young modulus and I(x) the second moment of area of the beam; w(x, t) represents the lateral displacement of the beam in relation to its equilibrium position. At each undamped natural frequency, the time variation of w(x, t) can be shown to be harmonic and therefore the displacement response is given by the harmonic variation of a shape function φ(x):
As w(x, t) max = φ(x) it follows that
On the other hand, the kinetic energy is given by
where ρ(x) is the density of the material and A(x) the cross sectional area of the beam, one has 
where prime denotes differentiation with respect to the spatial coordinate x. Rayleigh's quotient has several interesting properties from the numerical point of view. One of them is the upper bound approximation for the natural frequency value, as long as one provides a shape function φ(x) close enough to the true mode shape, respecting at least the geometric boundary conditions of the problem. As a first order variation on φ(x) corresponds to a second order variation on ω 2 , Rayleigh's quotient has a stationary value (a minimum in this case) in the neighbourhood of the true natural frequency. This is verified not only for the fundamental natural frequency, but for all of them, that is, a good approximation for the nth shape function φ n (x) leads to a good approximation for the nth natural frequency ω n .
Taking into account the possible existence of concentrated parameters along the length of the beam, such as stiffness coefficients and masses and corresponding inertias, one can rewrite Eqs. 4 and 6. Therefore, the total maximum value for the potential energy V max will be given by
where V b is the maximum potential energy of the beam itself, given by Eq. 4, V k i is the maximum potential energy of each local translational stiffness k i , and V k t j is the maximum potential energy of each local torsional stiffness k t j , respectively, located at x = x i and x = x j ,
The maximum kinetic energy T max will be given by
where T b is the maximum kinetic energy of the beam itself, given by Eq. 6, T m r is the maximum kinetic energy of each local mass m r , and T J s is the maximum kinetic energy of each local inertia J s , respectively, located at x = x r and x = x s ,
Considering Eqs. 8 and 10 and recalling Eq. 1, Rayleigh's quotient applied to a general case will be defined as
Note that in our case study, the beam is uniform and the translational springs have infinite stiffnesses. Thus, 
where c 2 = EI/ρA and w(x, t) = φ(x)T(t); the shape function φ(x) is given by
where ''C'' are constants and β is related to the natural frequency through ω n = (β n l) 2 (EI)/(ρAl 4 ). Applying the set of boundary conditions to Eq. 15 leads to an eigenproblem, whose eigenvalues are β n l, n = 1, 2, . . ., and whose eigenvectors are constituted by the constants ''C''. From the eigenvalues, the natural frequencies are calculated and, from the eigenvectors, the mode shapes are defined as a function of the eigenvalues as
For the problem under study (Fig. 1) , several sets of boundary conditions were assumed in order to reproduce the physical system conditions. The considered sets of boundary conditions are described in the next sub-sections.
Simply supported beam (SS)
To reproduce this ideal case one assumes k i = ∞ and k t j = 0 at both beam ends, which leads us to the following set of boundary conditions:
Clamped at both ends beam (CC)
For a beam clamped at both ends one must have k i = k t j = ∞ at x = 0 ∧ x = l, resulting in the next set of boundary conditions:
Beam on elastic supports (ES)
The referred ideal cases lead to considerable differences with respect to the experimental results; the proposed model consists of an intermediate solution with elastic supports (ES). The expression ''elastic support'' designates a support where k i = ∞ ∧ k t j > 0 with the boundary conditions given by:
Note that for this case we consider three configurations:
• Beam on elastic supports (ES1) where k t 1 = k t 2 and no disc is incorporated in the shape functions formulation;
• Beam on elastic supports (ES2) where k t 1 = k t 2 and no disc is incorporated in the shape functions formulation; • Beam on elastic supports (ES3) where k t 1 = k t 2 and a disc is incorporated in the shape functions formulation.
In a previous and exploratory work, 15 
where the subscripts 1 and 2 stand for the left and right domains along x. As one considers a disc between supports for the ES3 case study, one must complement the boundary conditions given by Eqs. 21-23 with the following continuity equations:
Numerical Procedure
With the purpose of identifying the elastic properties of the beam supports a numerical procedure has been developed, bearing in mind the reconciliation between the numerical results for the first natural frequency and the experimental ones ( ω 1 | exp ). To start this updating procedure, one assumes as a first approximation the solutions for a SS beam, β 1 l| SS and φ 1 (x)| SS , and consider k
t 2 . Rewriting Eq. 13, for iteration p = 1, the torsional stiffness coefficients are given by: 
This process is repeated until the criterion (ω 1 
2 < τ is verified, τ being a given tolerance.
Experimental Application
As case study setup one uses the Machinery Fault Simulator of Fig 
Results and Discussion
The experimental values of the natural frequencies are average values obtained from at least three impact tests. Table 1 shows the results obtained for the first two natural frequencies, for both the ideal cases (SS and CC) together with the experimental values, for each position of the disc along the beam. As it can be observed, the experimental values differ quite significantly (as expected) from the ideal cases. This justifies considering the model with elastic supports. The calculation of k t 1 and k t 2 has been made for the three cases mentioned in Beam on Elastic Supports (ES) section, ES1, ES2, and ES3, following the iterative procedure explained in Numerical Procedure section, for each position of the disc and with the goal of matching the value of the first natural frequency. In order to validate the results obtained for the stiffnesses, one has used them to predict the value of the second natural frequency. Table 2 summarizes the whole set of results, predictions, and relative errors. Therefore, one has for each ES case and for each position, the value of the measured natural frequencies, the results of k t 1 and k t 2 (after a certain number of iterations p, for a tolerance τ = 10 −5 ), the correspondent predicted values for the second natural frequency and the resulting relative error. Table 1 Comparison between the theoretical values of the natural frequencies for the ideal cases (SS and CC) and the experimental results, for each position of the disc along the beam From Table 2 one can see that, as the position of the disc changes, the natural frequencies change and that there is some degree of symmetry in those results, which has to do (naturally) with the geometry of the system (Fig. 1) . One can also observe that the calculation of the torsional stiffnesses is generally obtained in a faster way (fewer number of iterations) for the ES3 case, where the effect of the masses and inertias is included in the analytical solution of the mode shapes. Another point that should be stressed is that the prediction of the value of the second natural frequency is much closer to the actual measured value (the relative error is considerably lower) in the ES3 case. It can also be observed that the torsional springs, that intend to model the supports of the system (bearing type), have quite a significant variation for each position of the disc. As a consequence, it is very difficult (or impossible) to characterize in an accurate way the behaviour of those supports for a general position of the disc, at least through the use of such a simple model using linear torsional springs. Under this perspective, the only results that make sense, and that provide consistent and acceptable results using this kind of model, were those obtained for a particular position of the disc. In fact, the predicted values for the second natural frequency are quite close to the true measured ones. Figure 3 intends to illustrate the influence of the position of the disc in the resulting first and second mode shapes (for the ES3 case). The variations related to the values of the torsional stiffnessess observed in Table 2 evidence a nonlinear behaviour of the supports, which can be justified by the significant variation of the angular displacement n (x) with the variation of the disc position. In addition, both the anti-node of the first mode shape and the node of the second one are ''attracted'' to the position of the disc because of the contribution of the disc torsional inertia. This also contributes to enhance the variation of the angular displacement. ES2, and ES3 ). These graphs demonstrate in a clear fashion (the differences are quite visible) how important it is to have into account the effects of the mass and inertia of the disc in the calculations and helps justifying the better results obtained in case ES3 (cases ES1 and ES2 are nearly coincident). The inertial effect of the attached disc has a dramatic effect in the variation of the angular displacement, which is crucial for the calculation of the torsional stiffnessess.
Note that the mode shapes plotted on Figs. 3 and 4 were normalized with respect to the maximum value of each one.
Conclusions
This paper intends to describe an approach to model a shaft, mounted on end supports, with a disc in a given position, in order to predict its dynamic behaviour. From this study, we conclude that modelling the supports as two torsional stiffnesses is more accurate than just assuming the ideal cases, simply supported or clamped-clamped beam. Assuming that those stiffnesses are different from each other also leads to better results, being relevant to include the mass and inertia of the disc in the analytical formulation, as the calculation of the mode shapes is significantly affected by those properties. Such an improvement on the considered boundary and continuity conditions (case ES3) also leads to faster calculations (fewer iterations). It has been proven that for each position of the disc, and after calculating the torsional stiffnesses based on the experimental value of the first natural frequency, it is possible to predict with sufficient accuracy the value of the second natural frequency. It has been shown that the modelling of the supports simply based on torsional springs is not enough to predict results for different positions of the disc along the shaft, as the behaviour of the supports is quite complicated and the variation of the stiffnesses is highly nonlinear. A more complex model should be sought in the future.
